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Abstract Composite Fermions QED is quantized by using the Dirac’s canonical formalism
for constrained systems. As a strategy, we first work out the constraints (including primary
and secondary constraints), combine two first-class constraints, introduce Coulomb gauge
and its stationary as gauge conditions, and then quantize, replacing the Dirac brackets with
quantum commutators.
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In this letter we investigate composite fermions QED (quantum electrodynamics) [1-5]
with Coulomb gauge and its stationary in Dirac’s canonical formalism for constrained sys-
tems [6, 7]. In order to illustrate FQHE (fractional quantum Hall effect) phenomenon with
the states higher than the LLL (least Landau level), Jian supplied a new path that is compos-
ite fermion [8—10]. Another way is quantum field theory, in which abelian Chern-Simons
fields are introduced in the Lagrangian of the constrained systems discussed. Chern-Simons
gauge fields can change the statistical properties of particles (while Bosons or Fermions)
by adding quantum flux to them. Though the composite particle concept is familiar to theo-
retical physicists, Dirac’s canonical formalism of composite Boson systems and composite
Fermion systems are rarely discussed. In this letter we quantize composite Fermion QED
in Dirac’s canonical formalism, but its quantum symmetries will be discussed in another
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paper [11]. To quantize this system, we select Coulomb gauge and its stationary as gauge
conditions with respect to first-class constraints in Dirac’s sense. The selection of gauge
conditions need to be discussed deeply. Absolutely, when all the first-class constraints in
constrained canonical systems are functions of abelian gauge fields A, and correspond-
ing momenta m,, Coulomb gauge is effective. This topic will be discussed deeply and
widely [12].

We consider composite Fermions QED, selecting ¢ = 1, which has Lagrangian density
as

emn - -
L =Py s, —my — ,“,F““ + T@Oe““pauav% —eyy' YA, —efy"Ya,, (1)

where ¢*'? is Levi-Civita symbol, an antisymmetric tensor, v is Dirac’s spinor containing
four complex parts, ¥ = ¥ ty°, y* is Dirac matrix, e is the charge of electron, ®, is the
unit of magnetic flux, 6 is gauge parameter of Chern-Simons fields, F,, = 9,A, — 3,4,
are called electromagnetic tensor, A, are electromagnetic fields, and a,, are Chern-Simons
gauge fields. In the right hand of (1), the first term denotes spinor fields, the second describes
electromagnetic fields, the third are from gauge Chern-Simons fields, the rest two terms can
be taken as the spinor fields coupling to electromagnetic fields and Chern-Simons fields,
respectively. Abelian Chern-Simons gauge fields a,, are the common electromagnetic fields

with the relations a, = vy A, = 2[7 il (p=0,1,2,...) [13-16]. Therefore, the Lagrangian
density of (1) can be written as

2
emv _
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0

Canonical momenta 7, 7,, 77, conjugated to fields variables 1}, ¥, A, are

8L A -
Ta=—==0; g = Zilﬁyo;
SV 8V
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respectively, here "/ = g%/, The canonical Hamiltonian density of the system is given by
% =ﬁa&+ﬂa¢+nuA‘u —f,

1 1 Lo 1 femug o \?
:Eniz—ﬂiaiAo-FzFiij+§(—'(')81Aj> .

GGy —m)Y Py — qu’e“”'A A + (1 +vp)ey WA, ()

The primary constraints are

¢ =7, ~0, 5)
¢ =7, —i(Yy), ~0, (©6)
By = 1o ~0, (7
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respectively. Then the total Hamiltonian density for the system is
Ay = A + 1) + 1] + Mot

= ﬁa‘ﬁ +7Ta1b +7T/LA}L -Z

1 1 1 emvi . \?
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2\ 209,
- — 67‘[1)3]7 . —
—Y(iy' o, —m)y +ymyy — ze_dDEWAuavAi + (1 +vpepy A,
0
+ 1a®) + 2@l + kot ®)

where 2, (x), Aa(x) (@=1,2,3,4) and Ag are Lagrange multipliers with respect to ¢_>2, ¢2
(i=1,2,3) and (]58. The total Hamiltonian is

HT:/d%jﬁ. ©)
14

The stationary of the primary constraint (1_)2, {(Z)S Hr} =~ 0, leads to the equation for deter-
mining the multiplier A,

iray? = (1 +vgp)ey Yo Ay — (iy'd; — m)Y, +m. (10)
The stationary of the constraint ¢, {¢°, Hr}~ 0, gives
iy =Yy 0 —m) +ym — (1 + vgp)eVy" A, (11)

The stationary of the primary constraint ¢, {¢J, Hr} ~ 0, yields the secondary constraint
as

1 eﬂvsz ji j 7,0
(ol =—7Ti3i5(x—y)+ﬁsf ;AT + (1 +vg)eyy ¢ ~0. (12)
0

The stationary of the secondary constraint ¢/, does not produce any new constraint.
Let us denote A = 7y =~ 0; one finds a linear combination of the constraints qﬁg, q&g and

#] as

As = @) +ie(l+vg) (V) — P2Va)

= —7,;0;8(x )+em3ﬁ”eﬁa A/
- 1) y 29¢0 15
+ie(l 4+ v Yty —ie(l + vg) T Vs
~ 0. (13)
It is easy to check that

{A1, A} =0, (14)
{A1, ¢} =0, (15)
{A1, 90} ~ 0, (16)
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{As, @0} = —ie(1 4 v7) 8 (x — y) ~0, (17)
{Ag, 90} = —ie(1 4 v) P28 (x — y) ~ 0, (18)
(@0, 0t =iy 8 (x — y). (19)

Hence, the constraints A; and A, are first class, while the constraints ¢ and ¢ are second
class.
By denoting 6; = (4, ¥,), we can obtain matrix elements by defining A;; = {6;, 0;} as

0

. 0
Alx,y) =i (VO yo)aoc—y). (20)
T
Its inverse matrix is
_ (v o
AN(x, y) = —i <Jg yO)S(x—y). Q1)

The Dirac’s Bracket of the two variables A(x) and B(y) is
{A(x), BOD)}pa) = {AX), BO)} —i(y")ap f d’z{A(x), 2 () Hep(2), B}
O / (A, 2D}, BO)). 22)

where {A(x), B(y)} is Bose-Fermi bracket, which is defined as

{B)(x), Bo(x")}

e <8Bl_<x>aBz(x') me BZ) B (aBloc)aBz(x/) Bo Bz)}, o3
L\ 3¢' (¥)d7; () Y ()9ma(y)
{F(x), B(x")}
:/d3y <78F(x)83(x,) “Feo B> - <—aF(x)aB(xl) {Fo Bﬂ, 24)
L\ 39" (¥)m; (y) Y (y)d7ma(y)
{Fi(x), F>(x")}

[ (OF (x)dF>(x") IF (x)dFs (x')
= | &Py (2 + F F>—<7 v F>] ’s
/ y-( im0 T ) T Gyeemm T T 25)

here B;(x), B>(x"), B(x) denote Bose fields, and F(x), F;(x), F»>(x’) denote Fermi fields.
Then Dirac’s brackets corresponding to the second constraints of all canonical variables and
canonical momenta are deduced as

{A (), 1 ()} =8,8(x — y), (26)
War Ypea) = 1 (¥ Dapd (x — ¥), 27)
(Va, T} Dy = — Ny’ (x — y), (28)

and the rest are zeros.
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In Dirac’s canonical quantization, for each first class constraint, one must choose a gauge
condition. Consider the Coulomb gauge and its stationary as

Q) = §m; + VZA, ~ 0, (29)
Q, = 3;A; ~0. (30)

Denoting ¥; = (21, 22, A1, A,), by defining the matrix element G;; (x,y) = {¥: (x),¥; ()},
one can calculate the following matrix as

0 —-v2 Vv 0
V2 0 0 -V

Gan=_"g: o o o [3G-» 31
0 V2 0 0
Its inverse matrix is

0O -1 1 0

1 1 0 0 -1
Gl y)=——+ 32
==yt 0o o o (32)

0 1 0 0

Basing on the matrix G~', one can give Dirac’s brackets by
{Ax), BD}p ={Ax), B}
- / d*71d’2{Ax), ¥ (Zl)}mA)Gi}l{l/fj (22), BOM}pny-  (33)

The Dirac’s brackets of A;, m;, 1/_/a, T4, Ya, T, can be deduced as

1

{Ai(x), ;)b =8f5(x—y)—8i3jm, (34
Vo Tk = i (Y apd (x = ), (35)
{Va.ma}p =0, (36)
Wa Voo = = (s 8 (x = ). (37)

Based on the relation between Dirac’s bracket and the quantum theory is
@i 0i}p = —ilgi, ]1- (38)

for Bose fields, and

W Voo = —ilVa Vgl (39)

for Fermi fields, the quantum commute relations of fundamental canonical fields variables
and momenta A;, 7;, ¥, ¥,, T, and 7, are given by

[A;i(x), 7;(V)]_ = —i8/8(x — y) +i8;0’ (40)

2r|x =yl
Wa Taly = )apd (x — ¥), 41)
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[I/Ia» T[a]Jr = Oa (42)
Wa Valy =i () apy 8 (x — ). (43)

The quantum symmetries of this constrained system are worthwhile to be discussed fur-
ther in path-integral quantization formalism. That can show how the composite Fermions
interact.
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